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1 Introduction

We give a definition of generalized trigonometric functions. The notations are due to Lang
and Edmunds [1]. For real numbers p,q > 1, we define a function F,, by

Fulo) = [t )

where y € [0, 1]. We introduce generalized pi’s as follows:
2 /1 1y p
T —2F, (1 :—B<—,—>:—7r**, 1.2
pq pq( ) q p* q q q'p ( )

where 1/p* =1 —1/p and B(.,.) denotes the beta function. We define a function y = sin,, ¢
on [0, m,,/2] by the inverse function of ¢t = F,,(y), called generalized sine function. We define
a function x = cos,, t on [0, m,,/2] by the following equality:

cospgt = (1 — (siny, t)9)"/?, (1.3)

called generalized cosine function. We can define sin,, t, cosy,,t on the whole real numbers
by the following equalities:

Sl t = sing,(my, — t), sing, t = — siny,(—t),

COSpg t = — COSpq(Tpg — 1), COSpgt = COSpe(—1). (1.4)

When p = ¢, we abbreviate sin,, ¢ to sin, ¢, cos,,t to cos,t and m,, to m,. When p = ¢ = 2,
the functions sin,, ¢, cos,, t and m,, are obviously reduced to the usual sin, cos and pi.



2 Properties of Generalized Trigonometric Functions

The functions siny, t, cos,, t satisfy the following proposition.

Proposition 2.1. For every t € [0, m,,/2], the following equalities hold:

/ —p+2

(1) (singgt)" = cosygt, (ii) (cosyyt) = —g(sinpq t)q_l(coqu t) ,
p

* 3k p*—l
(i) (cospgt)P + (sinygt)? =1, (iv) cosy t = (sinq*p* (W; P (% — t>)) .
pq

Proof. (i) By differentiating y = sin,, t and by Eq.(1.3), we obtain that

dy 1 1

— = = = (1 — (sinyg t)9)'/? = cosyqt.
dt - dt/dy (1 o)t (1= (g )77 = cos

(iii) By Eq.(1.3), the equality is obvious.
(ii) By differentiating both sides of (iii), the equality is proved.
(iv) By putting x = cos,, t to (ii), we obtain that

dv _ _g(l _ xp)l/q*x—p—iﬂ'
dt Y
By the method of separation of variables, we obtain that

Tog 4P /w (1-— up)fl/q*up_Qdu
0

2 q
* 2Pl N
:% (1-— vp*)fl/q dv (v=u"")
0
ng* sin ... ((coqu t)p71>. (2.1)

By Eq.(1.2), the equality is proved.

3 Properties of Generalized Pi’s

We know some equalities containing two generalized pi’s as follows:

(a) T p* . i (b) Tp%p _ 2—2/p+1‘ (31)

* )
Tpq p T2,p

The first equality is already mentioned in Eq.(1.2), and the second can be proved directly
from Legendre Duplication Formula. (It is already pointed out by Takeuchi [5].) In this paper,
we give other relations containing two generalized pi’s.
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Theorem 3.1 ([2]). For every real number p € (1, 00), the following equalities hold:

(i) Topy2p _ 21/73—17 (ii) Tpr2p* _ (p— 1)22/73—17 (iii) Topsp* _ 9-2/p+1
pip Tp,2p T2p,p
By putting values to the parameters, we can evaluate the equalities.
Example 3.2. (1) Putting p = 3 or 3/2 gives

73,6 1 7T673 1

T3/2,3 22/ 73,3/2 T2
(2) Putting p =4 or 4/3 gives

Ts/38 _ 1 7ggy3 _ 1 7a38/3 _ 3 Tg/34/3 _ 912
Tajsa 2547 muas 24T Wy 2127 wgy '

(3) Putting p =5 or 5/4 gives

Ts200 1 Tospe 1 Tsusp 4 T5/25/4 _ o3/5
Ty 2% ms5s 2Y57 msag 2357 T .

The Beta function can be represented by three Gamma functions:

['()l'(y)

P = Ty

For the Gamma function, there is a formula called Legendre Duplication Formula:

22z—1

N3

By applying Eq.(1.2) and (3.5) to (3.6), we can prove the second of (3.1) as follows:

2 /11 1\ /11
() TG )
Tptp _ P _\P D p/ P2/ 5opp1

['(22) =

T(2)[(z + 1/2).

G )
p \2'p 2 j%

(3.2)

(3.4)

(3.6)

(3.7)

We prove Theorem 3.1 in a similar but somewhat complicated way. First, by combining two

copies of (3.6), we deduce the following identity :

L) (z+1/2)(2w) _ p2w-2)
['(w)'(w +1/2)[(22) '

(3.8)

By applying Eq.(3.5) to it, we can deduce many equalities containing two Beta functions
such as the following lemma. However, all such equalities are equivalent to either (i) or (ii)

of the Lemma 3.3. (The equality (iii) is a variant of (ii).)
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Lemma 3.3. The following equalities hold:

B2+ xx) L, .. BQ2x1/2-2) _, |
@) B(2x,2r) 2%, (i) B(1—2x,2) 2 ’
.. B(1/)2+2,1-2z) a1
(i) Bl—xz2z)  1/2—x '

Proof. (i) z = x, w = 2x into Eq.(3.8), we obtain that

B(1/2 4+ z,x) [(z)T(z + 1/2)T(4x) .
B(2r,2r)  Tol(2e t 1202 - (3.9)

(ii) By putting z = 1/2 — z, w = z into Eq.(3.8), we obtain that

B(2z,1/2 — x) B ['1/2 —2)I'(1 — z)I'(2x) A1

= = 2%, 3.10
B(1 -2z, ) ['(z)T(x 4+ 1/2)1(1 — 22) (310)
(iii) By using Eq.(3.10), we obtain that
B(1/2+x,1—-2z) TI'(z+ 1)1 —22)0'(z+1/2)
B(l—=z,2z)  T(3/2—2)(1—2)(27)
r  T'@)(z+1/2)I'(1 —22) T it
- . - o-dxtl  (311)
1/2—2T(1/2—-2)'(1—-2)'(22x) 1/2—x
O]
Proof of Theorem 3.1. By putting z = 1/(2p) into the Lemma 3.3, we obtain that
2 1 1 1 1 1
o d) o p)
(i) Dz _ 2p 2p* 2p/ N2 2p 2p/ _ sipp1
Tpsp gB<1_l,1> 23(1)1)
b p*p pp
e 20-L2) oD
(i) P52p* p2 pl 1p = (p-1) p - 1]? =(p— 1)22/1771_
o Zp(1-—, o) B(1-2, o
2p p 2p p 2p
2 1 1 1 1 1
e G ) Bzt5 5
(111) 2p*7p* — p2 f f — (p _ 1) 1 1 p _ 2*2/p+1.
O TR TR
p 2p p 2p p
[



4 Generalized Elliptic Integrals of Four Parameters.

4.1 Generalized Legendre Relation.

Takeuchi [6] defined generalized elliptic integrals of three parameters. In this paper, we define
generalized elliptic integrals of four parameters as follows:

1 _ 1.s4q\1/7 1 _ .s+q\1/r—1
(- ket [ A=kt
Br®) = [ St Kn®) = [ S

Obviously, the following equation holds:

! 1 s
Eors(0) = Kpprs(0) = —dt = 2 4.1
rs(0) = Ko 0) = [ it = 7 (41)

The following formula is Generalized Legendre Relations of four parameters.
Theorem 4.1. Let p € (—00,0) U (1,00), ¢,7 € (1,00). For every k € [0,1], we denote
k' = (1 — k*)'/*. Then the following equality holds:

TpgTor
Epars () Kpras(K) & Kpara(K) Byras (K) = Kparo(K) gy () = 2425 (4.2)

where 1/ =1/p—1/q.

Theorem 4.2. Under the same notations as in Theorem 4.1, The following differential
equalities hold:

) 8 Bralh) = L By — Ko 0))

) Ko 8) = s { B = B0} + 52 Ko ),

(iif) dikqurs(k/) = _%{EPQM(H) - qurs(k/)}a

(iv) dikaqm%/) = _%{qursaf/) - qum(k/)} - S_lququS(kl)»

where 1/ =1/g+1/r —1/p.
Lemma 4.3. For every k € (0, 1), the following equality holds:

1 (1 _ k,stq)l/r72 7“*/ T*(kfs/ _ 1/ )
/0 (1—ta)l/p dt = 1_—'Zsqurs<k) + { 1 3 s LA 1}qurs(k>. (4.3)

where r* denotes the Holder conjugate of r, that is, 1/r + 1/r* = 1.
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Proof. We can calculate as follows:

—{t k,stq 1/r— 1(1 )1—1/p}

—(1 — 19)"Vr(1 — kstq)l/T‘Q{(l — RSO (1— t9) + T%mqa 1) }%tm - mq)},

1
ks(

1 — kstq)l/er(l o tq)fl/p{(l _ i + i)(l _ k.stq)Q + (ks . (1 _ i + i

+La-r)-rem - La-w)}
:%{g( — kStQ)I/r(l — tQ)—l/p + (k:s _ % + T%(l B ks))(l . ]{?Stq)l/r_l(l B tq)_l/p

= L= k(L= k)1 )

By integrating both sides, we can prove the Lemma 4.3.

)

(4.4)

Proof of Theorem 4.2. (i) By differentiating the definition of E,,.s(k), we obtain that

d s/r [ —ksti(1 — ksta)t/r=1
—E,s(k) = — dt
dk PQTS( ) L /0 (1 _ tq)l/p

1 _ .s+q\1/r 1 _ .s4q\1/r—1
:ﬂ{/(l kst7) dt—/(l kst?) dt}
Y A (e T A SN

= S_Za{qum(k) - qum(k)}-

(ii) By differentiating the definition of K,,s(k), we obtain that

d s/re (1 EStI(1 — ksta)l/r—2
— Ky s(k) = dt
dk qu’S( ) k /(; (1 o tq)l/p

B S/T'* /1 (1 . kstq)l/r—th B /1 (1 o k,stq>1/r—1dt
ok )y (A=t o (1 —ta)l/p ’

(s/q)k*

by applying Eq.(4.3)

S/M {qum(k) - qum(k)} + prqm(k)-

T k(L= k)

(iii) By using Egs.(i), (ii), we can prove the (iii) as follows:

d d dk’ 3/7’ k!
%E;oqrs(k) = @quM(k,) ’ % - { pqm<k/> - qum<k/>}< o (k./)s—l)’

G |
o k(l _ ks){ pq?"s( ) qurs(k>}

(4.5)



L. d d - di
<1V) dkaqu(k ) dk_ quS( ) ’ %

. S/M / (S/Q)(kly / _k/‘Sil
- {k,( ( ) ){EPQTS( ) KPQTS(k )} + ]{3/(1 o (k_,>5)quTS<k )}((k_,)s_l)
_ S/:u / / S/Q /
- _W{qum(k ) - quw(k )} - 7qurs{k )

Hence, we have proved the Theorem 4.2. Il

Proof Theorem 4.1. Denote L(k) the left-hand side of (4.2). By using Egs.(i), (ii), (iii) and
(iv) of Theorem 4.2, we obtain that,

d d . d d /
dkL(k) = %qum(k’) ’ KPWZS(k ) + qurs{k) ’ %KPTQS(]{; ) + dkaqTS(k) : EprqS(k )
+ qum(k) ’ dikEprqS(k/) ddkaqm(k) ’ KprqS(k/) - qum(k) ' di Kqus(k,)
S/T{EPQTS( ) qu'r‘s<k)}Kprqs(k/)
s/ p , (s/r) ,
- m pQTS( ){Eprqs(k) - Kp'r’qs(k )} — TEPQTS(k>Kprqs(k )
s/ (s/q)k* ,
+ ) {Epgrs(k) — Kpgrs(k)} Eprgs(k') + prqrs(k)EprqS(k )
(s/q)k?

- m pqr5< ){ prq5< ) Kprq5<k/)}
s/ oy (8/k :
- k( )‘{ pqm( ) pqm< )} prqS( ) MquTS<k)Kprq8(k)

s/ (s/)
+ prqrs( ){Eprqs(k/) - Kprqs(k/)} + Tqurs(k)Kprqs(k/) = 0. (4‘6)
So the function L(k) is a constant.

We estimate the following two terms:

P Eket(1 — ket
Kpgrs(k) — Epgrs(k) = dt
quS( ) pqrs( ) /0 (1 _ tq)l/p

< ' ks(l — ks)l/ril dt — Mks(l . ks)l/r—l
=) Tammm T /

1 _ _ s)4r11l/g—1
rqs k') = dt
pras() /0 (L —tr)i/e

L ps(l/g-1) -
< v gp . TPrgs(l/q-1)
:/0 At = R, (4.7)




By above inequalities, we have that
TpqgTpr 1 s s r—
0 < {Kpurs(4) = By 1)} g (K) < 2L ofa(1 — o), (43)

By the sandwich rule, the center term of Eq.(4.8) vanishes as k — 0. Thus we obtain that

]£I_I>%L<k)_hm{ PQTS() PTQS( ) { pqrs() pqrs( )} prqs( )}
= Kpgrs(0) Eprgs(1). (4.9)

Hence, we have proved the Theorem 4.1. Il

4.2 Differential Equations

Theorem 4.4. The functions y = K,s(k) and z = K,,s(k’) respectively satisfy
2

k(l—kﬁ)%Jr{(Hg—;)—<1+s+§—§>k8}d—y——(1——)ks1 —0. (4.10)

k(1—k5)%+{(1—§+§)—(1+s+§—§)k5}%—5—2 —%)ksl —0. (4.11)

Proof of Theorem 4.4. For Eq.(4.10), put y = Kps(k) and = E,4s(k) into (i) and (ii) of
Theorem 4.2, we obtain that

dx  s/r
o (= 4.12
dy s S
k(1 — k* —(z — —k%y. 4.13
(1—F)r u(x y)+ Y (4.13)
By differentiating both sides of Eq.(4.13), we obtain that
dy d?y dx dy dy »
1— 1)k?® k(1 —k° = _— - = k®— ks 4.14
(1= (s + DI + k1 = F) 75 (dk: dk>+q dk+ (4.14)
By putting Eq.(4.13) into (4.12), we have that
dr  p dy ps,
o _ 1y gy @ s 41
kTR T (4.15)

By putting Eq.(4.15) into (4.14), we have proved Eq.(4.10).

Again for Eq.(4.11), put z = Kpys(k') and x = E,,s(k") into (iii) and (iv) of Theorem
4.2, we obtain that

dx (s/r)k*
& R (419
k(1 — ks);lk - i(x — ) - 2(1 — k)2, (4.17)



By differentiating both sides of Eq.(4.17) with respect to k, we obtain that

dz d*z s rdx  dz 52 S dz
1-— DE®)— kl—k:s—:——<———> P R § ey ) Py 4.1
(U= DR et k=R gg == g~ @) T 7= 0 Flge (418)
By putting Eq.(4.17) into (4.16), we have that
dr  p, . dz pus . 4
— =k — 4+ =k "z 4.1
&kt at F (4.19)
By putting Eq.(4.19) into (4.18), we have proved Eq.(4.11). O

Corollary 4.5. For every p, s € (1,00), the function y = K,,,s(k) and z = K,,,s(k’) satisfy
the following differential equation:

d*y dy s*(p—1)
k(1—k)—>+ (1= (1+8)k%) — — ————k*"'y = 0. 4.2
(=) + (1= (o)) 5 = ety =0 (4.20)
Remark. By putting x = k*, we can translate (4.10) into the following equation:
d*y 1 1 1 1 dy 1
1) 2Y {(— —)—(1 - —) }—— — 0. 421
x( a:)dx2+ p*+q +q+r* Ty qr*y (4.21)
It is Gauss hyper-geometric equation. So we obtain that
11 1 1
Kopgrs (k) = @F(_a 5 T —7k5>, (4.22)
2 Ngrptogq

where F'(a,b, c, ) is Gauss hyper-geometric function.

5 Similar Results to Salamin-Brent Formula

5.1 Similar Results to Gauss AGM Theorem

Gauss found an important formula concerning elliptic integrals and arithmetic-geometric
mean.

Theorem 5.1 (Gauss). For ay = by > 0, we define two sequences {a,} and {b,} as follows:
an, + b,
2

Then two sequences {a,} and {b,} converge to the same limit. We denote it by Ms(ao, by)
and call the arithmetic-geometric mean (AGM) of ay and by. Then the following formula
holds:

Ap+1 = s bn+1 = a/nbn. (51)

1 C /2
— Ko (2 /
Qo

) = o) (5.2)



J. M. Borwein and P. B. Borwein [4] found two formulas which can give analogous results to
Gauss’s AGM Formula. Recently, Takeuchi [6], [7] made their theorems those of generalized
pi’s.

Theorem 5.2 (Borwein-Takeuchi). For ay = by > 0, we define three sequences {a,}, {b,}
and {c,} as follows:

an + 2bn Qp — bn
Ap4+1 = T7 Cpt+1 = 3 ) b131 - ai - C?L‘ (5?))

Then two sequences {a,} and {b,} converge to the same limit. We denote it by M3(ag, by).
Then the following formula holds:

1 Co 7T3/2
L () = T2 5.4
Qo 2359 Qo Ms(CLo,bo) ( )

Theorem 5.3 (Borwein-Takeuchi). For ag = by > 0, we define three sequences {a,}, {b,}
and {c,} as follows:

a, + 3b, a, — by,
Qnp1 = = Cup1 = ——, b2 =a’—c. (5.5)

Then two sequences {a,} and {b,} converge to the same limit. We denote it by A4(ag,bp).
Then the following formula holds:’

LK4442<@> = —W4/2 (5-6)

Vao o V/Ai(ag, bo)’
Lemma 5.4. Two sequences {a,} and {b,} defined by Eq.(5.5) converge to the same limit.

Proof. From definition of {b,}, we know that b, < a, for every n. From this inequality we
have that

3

pi1 — Qp = —Z(an —b,) £0. (5.7)
and
B =0 = @y — Gy — B = Jhalan — b) 2 0. (58)
So we obtain that
bo<b <0y ....<b, £ a4, S ... Zay<a; S q (5.9)

Moreover, we can calculate as following :

0 é Apt+1 — bn+1 é (CLn - bn) (510)

1
4
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By repeating Eq.(5.10), we obtain that

1\
0<a,—b, < <Z> (a0 — bo). (5.11)
By Sandwich rule, the center term of Eq.(5.11) converges to zero. By Nested Interval Theo-
rem, two sequences {a,} and {b,} converge to the same limit. O
2n7k
Lemma 5.5. For every integer k (0 < k < n), we estimate that ¢, < 8bg (%)
0

Proof. We can calculate as follows:

an —by,  ai—0b2 2

el = = < . 5.12
Cntl 4 A(an +b,) = 8by (5:12)
By repeating Eq.(5.12), we can estimate ¢, as follows:
Ck 2n—k
n < 8bo (o)
=20 3b,
Hence, we have proved Lemma 5.5. Il

5.2 Salamin-Brent-Like Formula

In 1985-86, Salamin and Brent independently found a fast convergence formula for computing
the value of 7. The following is the Salamin-Brent Formula.

Theorem 5.6 (Salamin-Brent Formula). Let ag = 1 and by = 1/v/2, then
2(Ma(1,1/v2))’
— Z 2(a —b?)

j=1

where {a,} and {b,} are the sequences defined by Eq.(5.1).

N | —

Recently, Takeuchi [5], [7] found two Salamin-Brent-like formulas for w3 and 7.

Theorem 5.7 (Takeuchi [5]). Let ag = 1 and by = 1/2'/3, then
2(My(1,1/21/3))*

T3 = %) )
1—-2) 3(a;+¢;)e
j=1

where {a,}, {b,} and {c,} are the sequences defined by Eq.(5.3).

11



Theorem 5.8 (Takeuchi [7]). Let ap = 1 and by = 1/+/2, then
24,(1,1/v2)
1-— Z2j(aj — b])
=0

where {a,} and {b,} are the sequences defined by Eq.(5.5).

Y

The statement of the above result is different from that of Takeuchi [7]. However, it is the
same. In the past few months, the author has tried to find Salamin-Brent-like formula for
another m,,. Unfortunately, I could not find it. However, I found a simpler proof of Theorem
5.8.

5.3 Proof of Theorem 5.8

To prove Theorem 5.8, we consider the case when p = q¢=1r =4, s = 2. That is,
1
Ky (k) = / (1 — k247341 — )Y,
0
1
Eup(k) = / (1 — E2HY4(1 — ¢4~V (5.13)
0

From now, we abbreviate the suffices of Ky449 and FEju40. By Theorem 4.1, we obtain the
following corollary .

Corollary 5.9. For every k € (0,1), we denote k' = /1 — k2. Then the following equality
holds:

E(k)K(K) + K(k)B(K) — K(k)K (k) = %
Lemma 5.10. For every real number k € (0, 1), the following equalities hold:

1 1—k

(i) K(k) = \/ﬁf((m’), where m = T
(i) E(k) = —Vlg_%E(m’) + %}%K(m’).

Proof. (i) Put y = K(m’). Then by Corollary 4.5, y satisfies the following equality:

d?y dy 3
1-m) Y L1 —3m) Y _ 2y =o. 14
m( m)d 5+ ( 3m)d 1w 0 (5.14)

12



1
Put z = ————y, that is y = (1 + 3k)"/?z. Then we can calculate as follows:

(14 3k)Y

dy d 1 1 1 dy 3

—Z = (14 3k)/?)2). = —24(1+3k)%?*=Z + Z(1 + 3k)%/? 5.15

dm — ap SR g O+ S0 (55)

d?y 1 3 50022 dz 27

—J _ = /2_ 1/2_ = 71/2

T = (1+3k) {(1 +3K)¥2 22 4+ 01+ 38) V2 + L(1 4 3k) z}. (5.16)

By substituting Eqs.(5.15), (5.16) into Eq.(5.14), we obtain that

1 d%z dz 3
“(1+3k)%2k(1 — kD) =2 + (1 — 3k =2 — Zkz b = 0. 1
5 (1302 k(1 = k) 22 + (1= 8K) 22 = Thz | =0 (5.17)

So z = z(k) satisfies the above differential equation. By Corollary 4.5, there are two solution
K(k) and K(k'). Thus we can write down z(k) = ¢1 K(k) + coK(k’). Since we have that

2(0) = K(0) = % and K (+0) = oo, we have that ¢; = 1,¢; = 0. Hence we have proved (i).
(ii) By differentiating both sides of (i) with respect to k, we obtain that

d 3 d

— K(k) = —=(143k) 2K (m') + (1 + 3k) "2 —K(m').k 5.18
I (R) = —S(1+ 30) SRR ) + (1+30) K () (518)
By using Theorem 4.2 we obtain that
1
—{F(k 1—-EHK(k
2k(1—k2){ (k) + ( )K(K)}
3 _ 1 (1+ 3k)/2 1 — k2
= —2(1+ 3k) 2K (! { B(m') ~ s K () }.
(L3RR ) + o 2 ") = S gy )
By using (i), we have proved (ii). O
By putting k = “+1 into Lemma 5.10, we obtain lemma as following:
Qp+1

Lemma 5.11. If {a,} and {c,} are the sequences defined by Eq.(5.5), then the following
equalities hold:

0 () - k().

V An41 An1 V Gn Qn
.. Cn+1 Cp bn Cn
b () = vaE (G) + 7=k ()
(H) It Qn1 ¢ G, * G, Qp,

Theorem 5.12. If {a,}, {b,} and {c,} are the sequences defined by Eq.(5.5) and ay = a,
by = b, cg = c¢. Then the following formula holds:

13



0 K5 = A

o 8(0) = {1- 15 veu(2).

Proof. (i) By repeating Lemma (5.11-1), and taking limit n — oo, we obtain that

1 c n 1 4/2
%K(a)_g& a, ( )ZWK(O):W.

(ii) By using Lemma (5.11-ii), we obtain that

Vi £ ()~ <G}
~2va{e () - x ()} + {2 - v - ()
=B () kGt 2w r (G
valr () <0}

- {e(2) - K(2)} - J v )

n

(5.19)

On the other hand, we have that
c c
Ve K(G) - 2(3)}
Van ap ap
N (cn/an)?tt
=2 \/_/ — O I/A(1 — ( n/an)2t4)3/4dt

om 2 1 om 2
< ;;/ (1— ¢4 Vidr = ™ 3/2". (5.20)
by~ Jo 2by,

By the above equality, we have that

0oy {K () —p(e)) £ T2 (5.21)

an 2b3/?
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By Lemma 5.5, we obtain that

2n 2 on—k+1
W24b3 < m2hy 22"<C—’“> . (5.22)

bo

If we take k sufficiently large, we have that k< If we take n sufficiently large, we

1

8y — 8

have that 27! > n. So the right-hand side of Eq.(5.22) can be estimated from above by
Cn

7T4b(1)/22*2”+5. By Sandwich Rule, 2”@{.’((—) — E(C—n>} vanishes when n — oo. Hence
a

an n
the formula (ii) is proved. O

Proof of Theorem 5.8. By putting k = ¢/a = 1//2 , we have that &’ = 1/v/2. By putting
them into Corollary 5.9 we obtain that

o (J)e(55) - () - 3 o2
By Theorem 5.12, we obtain that
() - L v(g) - i -Ywai(g) e
A4(1, E> Jj=

By substituting Eq.(5.24) into (5.23), we obtain that

{1 —222@}1{(%)2 -2

So Theorem 5.8 is proved. m
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